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Abstract

Weexplorechoicesof boundaryconditionswithin pressureconvection–diffusionpreconditionersfor the
incompressibleNavier–Stokesequations.While thesemethodshave beenshown to beef�cient, choosing
the properboundaryconditionsfor the preconditioningoperatoris not well understood. In this paper,
we �rst explore the effect of having “ideal” boundaryconditionswithin the preconditioner. While not
computationallyfeasible,theidealboundaryconditionresultshighlighttheimportanceof suitableboundary
conditions. The remainderof the paperexploressomewhat more practicalapproximationsto the ideal
conditionsbasedon ILU factorizationsandprobing[5].
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1 Intr oduction

We explorechoicesof boundaryconditionswithin pressureconvection–diffusionpreconditionersfor thein-
compressibleNavier–Stokesequations.While thesemethodshave beenshown to beef�cient, choosingthe
properboundaryconditionsfor the preconditioningoperatoris not well understood.In this paper, we �rst
exploretheeffect of having “ideal” boundaryconditionswithin thepreconditioner. While not computation-
ally feasible,the idealboundaryconditionresultshighlight the importanceof suitableboundaryconditions.
Theremainderof thepaperexploressomewhatmorepracticalapproximationsto the idealconditionsbased
on ILU factorizationsandprobing[5].

ConsidertheNavier–Stokesequations

a ut ¡ nÑ2u+ (u¢grad) u+ gradp = f
¡ divu = 0

(1)

on W½ Rd, d = 2 or 3. Here,u is the d-dimensionalvelocity �eld, which is assumedto satisfysuitable
boundaryconditionson¶W, p is thepressure,andn is thekinematicviscosity, whichis inverselyproportional
to theReynoldsnumber. Thevaluea = 0 correspondsto thesteady-stateproblemanda = 1 to thetransient
case.Linearizationanddiscretizationof (1) by �nite elements,�nite differences,or �nite volumesleadto a
sequenceof linearsystemsof equationsof theform

·
F BT

B ¡ 1
nC

¸ ·
u
p

¸
=

·
f
g

¸
: (2)

Thesesystems,which are the focus of this paper, must be solved at eachstepof a nonlinear(Picardor
Newton) iterationor at eachtime step. Here,B andBT arematricescorrespondingto discretedivergence
andgradientoperators,respectively, andF operateson thediscretevelocityspace.Thispaperonly considers
C = 0 correspondingto div-stablediscretizations(see,e.g.,[1]), whichsatisfyaninf-supcondition.

In recentyears,therehasbeenconsiderableactivity in the developmentof ef�cient iterative methods
for thenumericalsolutionof thestationaryandfully-implicit versionsof this problem. Thesearebasedon
new preconditioningmethodsderived from the structureof the linearizeddiscreteproblemgiven in (2). A
completeoverview of theideasunderconsiderationcanbefoundin themonograph[3]. Thekey to attaining
fastconvergencelieswith theeffective approximationof theinverseof theSchurcomplementoperator

S= BF¡ 1BT + 1
nC; (3)

which is obtainedby algebraicallyeliminatingthevelocitiesfrom thesystem.With C = 0,

S= BF¡ 1BT : (4)

Oneapproachof interestis the pressure convection–diffusionpreconditionerproposedby Kay, Loghin,
andWathen[4] andSilvester, Elman,Kay andWathen[6]. In this method,theSchurcomplementmatrix is
approximatedas

S¼ MS = ApF ¡ 1
p Q; (5)

whereQ is the pressuremassmatrix associatedwith the pressurediscretization(or a spectrallyequivalent
approximationto it), andAp andFp arediscreteLaplaceandconvection–diffusionoperatorsde�ned on the
pressurespace.Although effective for solving the system(2), this methodhasthe drawbackof requiring
usersto provide thediscreteoperatorsAp andFp.

It is fairly well understoodhow to computea suitableFp andAp operatorwithin the domaininterior.
However, thesituationis lessclearfor boundaryconditions.Currently, thereis anaccumulatedexperimental
knowledgeof whatboundaryconditionsetupworksbestwith aspeci�c typeof problem.For instancewith a
backwardfacingstep,thein�o w boundaryconditionsfor bothFp andAp shouldbeDirichlet, while theother
sidesshouldbesetto Neumann.As will bedemonstrated,otherboundaryconditionsetupscanresultin very
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poorconvergence.But, thereis nogeneralunderstandingof how to computeFp andAp suchthattheboundary
conditionsetup,i.e., what boundariesareNeumannor Dirichlet, doesnot stronglyaffect convergence. In
fact, we suspectthat problemsassociatedwith Fp andAp at boundariessometimescausemeshdependent
convergence.

Thegeneralideaof thispaperis to manipulate(5) sothatanexpressionis obtainedfor updatingeitherFp
or Ap at theboundary. Theseupdateswill occurafteraninitial Fp andAp have beenformedwith somewhat
nä�ve boundaryconditions.Speci�cally, weconsiderupdatesbasedon thefollowing row-basedformulas:

Ap(bcs; :) = S(bcs; :)(Q¡ 1Fp) (6)

and

Fp(bcs; :) = Q(bcs; :)(S¡ 1Ap) ; (7)

whereS= BF¡ 1BT andbcsrefersto thesetof all of theboundaryrows. Column-basedanalogsto (6) and
(7) canalsobeused.Thesecolumn-basedformulasgenerallygivesimilarconvergenceratesto therow-based
methodsandmay be moreappropriatewithin practicalcode. In particular, the column-basedupdatesare
moreef�cient becausethe�rst matrix operationsareat theboundarycolumnsof theright-mostoperandand
this reducesthesizeandcostof all thesubsequentmatrixoperationssigni�cantly.

While computationsof (6) and(7) areexpensive,we �rst usethese“ideal” boundaryconditionsto study
their effect on numericalconvergence. Oncethis effect is established,we explore more computationally
tractableapproximationsto (6) and(7) basedon ILU factorizationandprobing.

While our resultsare for a particularproblemwheresuitableboundaryconditionsarealreadyknown,
we hopeto gain insight into how to develop a moregeneralpressureconvection–diffusion preconditioning
schemethatworkswell in morecomplex situations,whereit is lessclearhow to choosetheboundaries.
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2 Results

2.1 TestProblem

Our testproblemis a backward facingstepgeneratedby the IFISS2.0 packagefor MATLAB by Silvester,
ElmanandRamage[7]. A typical solutionis shown in Figure1.

�2 �1 0 1 2 3 4 5 6�2
0

2

�0.1

0

0.1

Pressure field [Navier�Stokes]

Streamlines: non�uniform [Navier�Stokes]

Figure 1. TypicalGrid 5 Solutionwith Re = 100

Theproblemsetuphasthefollowing theparameters:

1. Thedomainconsistsof a rectangle([-1, 5] £ [-1, 1]) with asquareremovedfrom thelower left corner.

2. Grid Parametersusedwere4, 5 andsometimes6, dependingontheproblem'scomputationalload.See
Table1 for grid dimensions.

Grid 4 Grid 5 Grid 6
PressureSpace 24£ 8 48£ 16 96£ 32
VelocitySpace 48£ 16 96£ 32 192£ 64

Table1. TestProblemGrid Sizes
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3. Thefollowing Reynoldsnumbersareconsidered:Re = 10,100,200. TheReynoldsnumberis related
to theIFISSviscosityparameter, n, suchthatn = 2

Re.

4. A Q2-Q1discretizationfor thevelocity - pressurespacesis used.

5. Thesystemsolvedby GMRESis the�nal linearsystemgeneratedby Picarditerationswith anonlinear
toleranceof 10¡ 5 andamaximumiterationcountof 9.

All codeandpseudo-codethatfollows is in MATLAB form.

2.2 TestingStrategy

The IFISSpackageinitially builds Fp andAp with Neumannboundaryconditionson all sides.In a second
stage,IFISS normally thenmodi�es the in�o w boundaryconditionsfor Ap andFp so that they correspond
to Dirichlet boundaries.For our overall testingstrategy, we modify IFISSto experimentwith differentcom-
binationsof Dirichlet boundaryconditionson thetop, bottom,in�o w andout�ow sidesof thedomain.Our
intentionhereis to mimic situationswhereit is lessclearhow to chooseboundaryconditions.We thenmea-
suretheeffectof thesechangesonconvergencewith GMRESwhile usingdifferentpreconditioningstrategies
to updatetherows thatcorrespondto all theboundarypointsin theFp or Ap matrices.Our goal is to �nd a
preconditionerthat is meshindependent,insensitive to the initial boundaryconditionsetup,andstill yields
goodconvergence.

We de�ne “in�o w only Dirichlet” to meanthat the in�o w sideof the domainis set to Dirichlet while
all theothersidesof thedomainaresetto Neumann.“Out�o w only Dirichlet” is de�ned analogously. We
presentin this paperconvergencedatafor only thesetwo experimenttypes,although8 combinationsof
Dirichlet boundaryconditionsweretried for eachpreconditioningstrategy. Thesecombinationscorrespond
to thefollowing setof Dirichlet boundaryconditions:

1. In�o w

2. Out�ow

3. Top

4. Bottom

5. In�o w andout�ow

6. In�o w andbottom

7. In�o w andtop

8. In�o w, top,andbottom

Thedatafor in�o w only Dirichlet andout�ow only Dirichlet capturestherangeof performanceobserved
for all 8 combinations. In�o w only Dirichlet is generallythe bestand is consideredthe correctbound-
aryconditionsetupbasedonaccumulatedexperimentalknowledgewithin thepressureconvection–diffusion
community. Out�ow only Dirichlet, on theotherhand,is generallytheworstboundaryconditionsetup.The
convergencerateof theothercombinationsgenerallyfell in betweenthesetwo boundaryconditionsetups.

2.3 IFISS Data without Ap and Fp Updates

In Table2, GMRES(unrestarted)iterationsaregiven for the standardIFISS codeappliedto the backward
facingstep. In Table3, we make onemodi�cation to IFISS so that the out�ow boundaryconditionsare
changedto Dirichlet and the in�o w conditionsare Neumann. Note that 500+ refersto the fact that the
experimentdid not convergeafter500GMRESiterations.

Thisdatais notmeshindependent,evenfor Table2. Also asexpected,in�o w only Dirichlet wasthebest
performer, andout�ow only Dirichlet wastheworst. Thelargedifferencein convergencerates;however, is
surprisinganddisturbing.Obviously, how onechoosestheboundaryconditionsis very important.This large
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Grid Param Re = 10 100 200
4 22 31 43
5 25 33 41
6 30 42 47

Table2. In�o w only Dirichlet, GMRESiterations

Grid Param Re = 10 100 200
4 36 59 79
5 44 500+ 500+
6 54 500+ 500+

Table3. Out�ow only Dirichlet, GMRESiterations

disparityarguesstronglyfor thedevelopmentof a generalpreconditioningstrategy thateliminatestheneed
for anaccumulatedexperimentalknowledgeof whatboundaryconditionsetupworksbestfor every speci�c
problemtype.

2.4 ConceptTesting

Our concepttestingconsistedof explicitly forming the exact Schurcomplementandthenusingthe Schur
complementin theupdatefor Fp or Ap's rows at all of theboundaries.We did this for only grid sizes4 and
5, becausethis operationis too expensive for grid size6. TheFp updateis especiallyexpensive becausean
LU factorizationof the Schurcomplementmustbe formedandthenthe L andU factorsareusedto do a
forward-solveandback-solvewith thecolumnsof Ap. While theseexperimentsaremuchtooexpensive to be
practicalmethods,they do testin anexactmannerwhatwewill laterwantto do in anapproximatefashion.

Table4 andTable5 presentthe datafor updatingFp basedon (7). Table6 andTable7 give datafor
updatingAp basedon (6).

Grid Param Re = 10 100 200
4 12 23 37
5 14 21 34

Table4. In�o w only Dirichlet with Fp update,GMRESiterations

Grid Param Re = 10 100 200
4 12 22 39
5 14 20 32

Table5. Out�ow only Dirichlet with Fp update,GMRESiterations
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Grid Param Re = 10 100 200
4 14 30 51
5 15 25 41

Table6. In�o w only Dirichlet with Ap update,GMRESiterations

Grid Param Re = 10 100 200
4 21 46 70
5 23 500+ 164

Table7. Out�ow only Dirichlet with Ap update,GMRESiterations

Themostimportantobservationis that theFp row-updateexhibits grid independenceandexcellentcon-
vergencein bothcases.That is, a properchoiceof boundaryconditionsappearsto �x a lossof meshinde-
pendencethathasbeenobserved for pressureconvection–diffusionpreconditionerson thebackward facing
step.Further, theinitial placementof Dirichlet boundarieswithin theAp andFp operatorsis lesscritical, if a
suitableFp updatealgorithmis used.

Thesituationfor theAp updatesis lessclear. Table6 seemsmoremeshindependentthaneitherTable2 or
Table3. However, Table7,while outperformingTable3, still showsamarkedlackof meshindependenceand
veryslow convergencefor Re = 100; 200.Overall, theinitial choiceof Dirichlet boundaryconditionsis still
very importantin theAp updatecase.While we arenot completelysurewhy theAp updateresultsin slower
convergencethantheFp update,it is worth notingonemajordifferencebetweentheAp andFp updates.In
particular, while weupdateAp, weuseA¡ 1

p within thepreconditioner. Thus,modi�cationsto Ap'sboundaries
have amoreglobaleffectandmustbeperformedcarefully.

Sinceoneof ourmaingoalsis to developapreconditioningstrategy thatdoesnotrequireany previousex-
perimentalknowledgeof whatboundaryconditionsetupworksbest,wedecidednot to investigateAp¡ based
preconditioningstrategiesfurther. All subsequentpreconditioningstrategiesaremeantto beapproximations
of theexactsolvesandexactSchurcomplementsin (7). UnfortunatelytheFp updatesareinherentlymuch
moreexpensive thantheAp updates,asthey requirethemultiplicationby theinverseSchurcomplement.

2.5 Employing Structur edProbing and ILU to UpdateFp

Theexactapplicationof (7) requires�rst a factorizationof F followedby thecomputationof theexactSchur
complementand then �nally a factorizationof the Schurcomplement.Thereareseveral possibilitiesfor
trying to approximate(7) inexpensively. In this paper, we explore two replacementsfor the inversesin (7)
usingILU factorizationsandprobingideas.We point out that thereareseveralotherpossiblereplacements,
includingusingsimpleiterativemethods,coarsegrid approximationsor sparseapproximateinverses.

Our generalstrategy for updatingFp is to �rst approximateSby someeSandthento furtherapproximate
eS¡ 1. We foundthemosteffective approximationsof Fp updateswereaccomplishedby using

1. The structuredprobing algorithm of [5] to approximatethe Schurcomplementfollowed by using
ILU( eS) to approximateS¡ 1. ILU wasalsousedwith goodresultsin [5] to approximatean inverse
Schurcomplementproducedby probing.

2. ILU(F) to approximatetheSchurComplementeSfollowedby usingILU( eS) to approximateS¡ 1.
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To test the potentialeffectivenessof approximatingFp, we initially tried sparsifyingthe “ideal” Fp by
droppingvaluesbelow a certainthreshold. This was donesuchthat the numberof non-zerosin Fp was
reducedby a factor of 5 to 70, and this lead to encouragingresults. A reductionfactorof 3-5 increases
convergenceby generallylessthan5 iterations.A reductionfactorof around15generallyalmostdoublesthe
convergencerate,anda reductionfactorof around70essentiallycausesa lossof convergence.

2.5.1 Updating Fp with a ProbedSand ILU

Theprobingschemeusedto calculateSis thestructuredprobingalgorithmof [5]. Theideaof probingis to
reconstructanoperatorby repeatedlyapplyingit to a carefullychosensequenceof vectorscontainingonly
0's and1's. For example,a simpleprobingmethodcanbeusedto reconstructa tridiagonalmatrix exactly.
This is illustratedby thefollowing example

2

6
6
6
6
4

1 2
3 4 5

6 7 8
9 10 11

12 13

3

7
7
7
7
5

2

6
6
6
6
4

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0

3

7
7
7
7
5

=

2

6
6
6
6
4

1 2 0
3 4 5
8 6 7
10 11 9
12 13 0

3

7
7
7
7
5

: (8)

Thestructuredprobingalgorithmof [5] is a moresophisticatedextensionof this ideathatinvolvesdoing
a graphcoloringon a desiredsparsitystructureandusingthatcoloringto chooseprobingvectorssuchthata
matrixwith thedesiredsparsitystructurewouldbereproducedexactly. Thecarefullychosenprobingvectors
are then appliedto a matrix-vector multiply routine to generatethe approximatematrix. The structured
probingcodeusedin theseexperimentsimplementsonly onegraphcoloringalgorithm,thegreedy-sequential
coloringalgorithm.

To call theprobingroutine,wedo thefollowing:

² Form theLU factors[L,U] = lu(F) once.

² Provide a sparsitypatternwhich is usedto generatea graphcoloring andthe probingvectors. This
sparsitypatternis chosento be identicalto theAp sparsitypatternprovidedby IFISSbeforetherows
correspondingto theDirichlet boundaryconditionsarezeroed.

² Provideamatrix-vectormultiply function,mat-vec, thatcalculates
B(F ¡ 1(BT probe)) for eachprobingvector, probe. This function is usedby the probingsoftwareto
build theapproximateSaftera coloringhasbeencomputedfor thesparsitystructureandtheprobing
vectorshave beende�ned from thecoloring.

Table8 andTable9 containGMRESiterationsusingFp updatesof theform:

S= probing(mat-vec;SparsityStruct = Ap);

[L;U] = luinc(S;optns); %computeILU

F p(bcs; :) = Q(bcs; :) ¤(Un(LnAp)) ; (9)

whereoptnsis optns.droptol = 1e-2;optns.udiag = 1; 1. Luinc(`0'), which performsILU(0), doesnot work
in this casebecause0's appearon thediagonal,so theseoptionshave to beemployed to replace0's on the
diagonalwith droptol. droptol is alsousedby luinc asadroptolerance.Usingoptnsresultedin approximately
thesamenumberof non-zerosasusingILU(0).

The Fp row-updateshows meshindependenceat Re = 100;200, but not at Re = 10. Encouragingly
though,theconvergencerategoesdown signi�cantly for Re = 200with increasinggrid size. Possibly, the

1Theudiag optionforceszeroson thediagonalto bereplacedwith optns.droptol.
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Grid Param Re = 10 100 200
4 20 38 77
5 23 32 70
6 27 30 44

Table8. In�o w only Dirichlet with Fp update,GMRESiterations

Grid Param Re = 10 100 200
4 25 50 82
5 31 41 72
6 34 50 65

Table9. Out�ow only Dirichlet with Fp update,GMRESiterations

physics is bettercapturednumericallyon the �ner mesh. Overall, the convergenceratesaregoodbut not
nearlyasgoodasthe“ideal” Fp updates,andthechoiceof boundaryconditionshadonly a modesteffect on
convergence.In this case,updatingFp's rowsdid performsigni�cantly betterthanupdatingcolumns.

We alsodid experimentswherethemat-vecroutineusedby theprobingsoftwarecalculatedF ¡ 1 using
luinc(`0') insteadof lu(). Thisapproximationhadlittle effectonconvergenceratesandmadetheprobingstep
noticeablyquicker.

2.5.2 Updating Fp with ILU only

Anotherpromisingmethodof approximatingtheFp updatesis by usingILU twice,asshown below.

[L;U] = luinc(F; `0'); %computeILU

S= B¤(Un(LnBT )) ;

[L;U] = luinc(S;`0'); %computeILU

F p(bcs; :) = Q(bcs; :) ¤(Un(LnAp)) ; (10)

whereluinc(`0') refersto theMATLAB ILU(0) factorization.2 Table10andTable11give thecorresponding
numberof GMRESiterations.Whencomparingthesewith Table4 andTable5, it is apparentthattheuseof
ILU doesnotseriouslydegradeconvergence.

Grid Param Re = 10 100 200
4 14 26 40
5 16 24 33
6 20 24 31

Table10. In�o w only Dirichlet with Fp update,GMRESiterations

The resultsexhibit grid independence,virtually no variability due to boundarycondition choicesand
excellentconvergencerates.Yet,wewill seein 2.5.3thatthismethodis muchmoreexpensive thanprobing.

2UsingILU with optnsasin (9) givesnearlyidenticalconvergence.
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Grid Param Re = 10 100 200
4 15 26 44
5 17 27 38
6 21 32 39

Table11. Out�ow only Dirichlet with Fp update,GMRESiterations

2.5.3 Ef�ciency

In order to betterdeterminethe feasibility of the methodsoutlined in 2.5.1 and 2.5.2, a modestattempt
is madeto examinethe computationalcost of their current form in MATLAB. This cost analysiscould,
however, bemitigatedby thepossibilitythattheFp updatesmightnotneedto bedoneateverynonlinearstep.
Computationalcostis measuredby

² Timing thecomputationof Susingprobingor ILU with theticntoccallsin MATLAB.

² An examinationof thecomputationalboundsoncalculatingSwith probingor ILU.

² Recordingthenumberof non-zerosin Sfrom probingor ILU in orderto gaugethecostof theluinc(S)
call prior to updatingFP.

Timing Table12containsaveragetimes,in seconds,tocalculateSusingprobing,luinc(`0'), andluinc(optns).
Thetimesfor luinc() alsore�ect thematrix-matrixmultiplicationsrequiredto form S= BF¡ 1BT :

Grid Param Probing luinc(`0') luinc(optns)
4 0.280 0.357 0.242
5 1.850 5.611 3.679

Table12. Timing Datais AverageValuein Seconds

Timing luinc() accuratelywashamperedby thefact thatMATLAB 7 hasunexpectedandunexplainable
timing resultswhenluinc() is usedwith the parametersluinc(`0') andluinc(optns). Using optnsspeedsup
theexecutionof theluinc() call by a factorof around5. Thisspeedupoccursevenif theconvergencerateof
GMRESandthenumberof non-zerosin the resultingfactorschangesnegligibly whencomparing̀ 0' with
optns.3 Nonetheless,the MATLAB timings do indicatethat using ILU insteadof probing is signi�cantly
moreexpensive,especiallyfor largergrids.

Probingseemsto scalemuchbetterto largergrid sizes,which indicatesit would bea bettermethodfor
largerproblems.Also, substitutingluinc(optns)for lu() in themat-vecroutineusedby theprobingsoftware
lowerstheprobingtimingsby 21%for grid size4 and46% for grid size5. Usingluinc(optns)insteadof lu()
did notaffect theconvergenceof GMRESsigni�cantly, althoughit did have aslightnegative effect.

Computational Boundson Probing and ILU Computationalboundsfor structuredprobingareprovided
in [5]. Theexpensive stepsin structuredprobingare

3MathWorks technicalsupportexplainedthatusingoptnswith a droptol executesa completelydifferentalgorithmthan`0'. Using
optnswith a droptol executesanalgorithmwhich is moreconcernedwith maintainingthelargevaluesin theincompletefactors,while
using`0' executesan algorithmthat maintainsthe sparsitystructureof the original matrix exactly. How this makes`0' signi�cantly
slower is still not clear, however.
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1. O(nv2) operationsfor graphcoloring

2. O(nvp) operationsfor matrix vectormultipliesto build theresultingapproximatematrix

wheren is thedimensionof then£ n matrix, S, which is to beapproximated,v is thenumberof non-zeros
per row, andp is the numberof colorsused. For all of our problemsregardlessof grid sizeandReynolds
number, p = v = 9. In ourexperiments,wechosetheprobingsparsitypatternto matchthesparsitypatternof
Ap. Ap never hasmorethan9 non-zerosin a row, so p = v = 9.

UsingILU to approximateSrequirescomputationsof theform:

[L;U] = luinc(F; `0'); %computeILU

S= B(Un(LnBT )) ; (11)

In examining the cost of (11), the most importantoperationsto understandare (Un(LnBT )) . The main
problemis that a back-solve andforward-solve producea denseresult. This makesnot only the repeated
back-solvesandforward-solvesexpensive,but alsothesubsequentmatrix-matrixmultiplicationwith B. The
computationalcostof (11) is

1. O(k2r) operationsto computeanILU on F, wherek is thenumberof non-zerosin a row of F andr is
thenumberof rows in F. It shouldbenotedthat in certaincircumstancesperforminganILU(F) might
benaturalfor thefull versionof thepreconditionerandmaybealreadyavailable.

2. O(kr) operationsto doasingleback-solveor forward-solvewith U andL, respectively, wherekr is the
total numberof non-zerosin thefactorswhich is alsoapproximatelyequalto thenumberof non-zeros
in F whenILU(0) is done.Theback-solveandforward-solvewill have to bedonefor everycolumnin
BT , sothis effectively makesthis operationcostO(kr s), wheres is thenumberof columnsin BT and
s equalsthenumberof pressurevariables.

3. O(xym) operationsfor matrix-matrixmultiplicationof B andtheresultingoperandto its right, where
x is thenumberof non-zerosin a row of B, y is thenumberof non-zerosin a columnof (Un(LnBT ))
andm is thenumberof non-zerosin theresultingmatrix,S. Notethaty À 0 andhencemÀ 0.

It shouldbe clear that doing ILU to approximateS is morecomputationallyexpensive. With probing,
we have operationson theorderof O(81n). With ILU, we have operationson theorderof O(xym). In our
experiments,m is in thethousandsto hundredsof thousands,dependingon thegrid (seeTable13),xy À 81
andn is in thehundredsto thousands,dependingongrid size.

Non-zeros in S In orderto gaugethecostof the luinc(S)call thatboth(9) and(10) make, we presentthe
numberof non-zerosin eachmethod's approximateS. The numberof non-zerosfor eachmethodwasthe
samefor all Reynoldsnumbersandonly variedwith respectto grid size.

The numberof non-zerosin S from (10) did not changeif luinc(optns)wasusedinsteadof luinc(`0').
Usingmethod(10) alsoyieldedanequalnumberof non-zerosastheactualSchurcomplement,despitethe
factthattheincompletefactorsaremuchsparserthanthefull LU factors.Theforward-solvesandback-solves
againstthecolumnsof BT in forming theapproximateSfrom (10)arethestepswherethedensityis restored
to that of the exact S. A possiblealternative to usingILU(F) to calculateS that would avoid sucha dense
resultwouldbesparseapproximateinverses.Wedonotexplorethisoptionin thispaper.

Probingresultsin far fewer non-zerosandagain scalesbetterthanILU whenmoving from grid size4 to
5. Probingscalesbetterin thesensethatits numberof non-zerosincreasesatamuchslower rate.
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Grid Param Probing luinc()
4 1,681 43,681
5 6,529 591,361

Table13. Numberof Non-zerosin S

2.6 Other Fp Updates

Weexperimentedwith otherFp updatesthatdid not yield reasonableor improvedconvergence.Thesewere

1. Iteratedsolvesof Fp or Ap, whereboththerows andthecolumnsof only Fp or only Ap wereupdated
in succession.This generallyhad little noticeableimpacton performance,andnever madeconver-
gencefasterthanjustupdatingonly therows or only thecolumns.However with probing,thismethod
exhibitedmuchworseconvergencewhencomparedto row only or columnonly updates.

2. IteratedFp andAp updates,wheretherows or columnsof Fp would beupdatedfollowedby updating
therowsor columnsof Ap, or viceversa.Thishadsimilar convergenceto justupdatingFp.

3. Probingtwice,oncefor Sandoncefor S¡ 1.

4. Using ILU to approximateF ¡ 1 in order to form an approximateS followed by probing to form an
approximateS¡ 1.

5. UsingtheLeastSquaresCommutatorformula[2] to form ourown Fp. Weusedthefollowing equation

S=
¡
B

¡
G¡ 1BT¢¢

Fp = S¡ 1B
¡
G¡ 1FG¡ 1BT¢

; (12)

whereG is thevelocitymass-matrix.

Using probing to form an approximateS¡ 1 in 3 and 4 yielded someof the worst convergencerates.
Probingwasusedto form S¡ 1 by simplychangingthemat-vecfunctionusedby theprobingsoftwaresothat
givena matrix, S, the functionwould form theL andU factorsof Sonceandthenoutput(UnL nprobe)for
any probingvector, probe.
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3 Conclusions

We have experimentedwith pressureconvection–diffusionpreconditionerson a backward facingstepprob-
lem. Thechoiceof boundaryconditionswith theFp andAp operatorscanhaveaverysigni�cant effectonthe
convergenceof thestandardpressureconvection–diffusionscheme.Theuseof “ideal” boundaryconditions
for Fp signi�cantly reducesthe convergencesensitivity to the boundaryconditionschosenfor Ap. These
“ideal” conditionsarede�ned by algebraicallyrequiringthat the preconditionedSchurcomplementon the
boundarypointscorrespondto the identity matrix. Further, “ideal” boundaryconditionsfor Fp give rise to
meshindependentconvergenceratesfor the backward facingstep. While meshindependentconvergence
rateshave beenreportedfor otherproblems,e.g.,lid-driven cavity problems,they have not generallybeen
observed for standardpressureconvection–diffusion preconditionerson the backward facingstep. Our re-
sultsimply that theculprits for this lossof meshindependencearetheboundaryconditionsusedwithin the
preconditioner. While signi�cant improvementswerealsoobservedwith “ideal” Ap boundaryconditions,the
resultsweregenerallylesssatisfyingthanidealFp boundaryconditions.

Inexpensiveapproximationsto the“ideal” boundaryconditionshavealsobeenexploredbasedonprobing
andILU ideas.In general,theILU methodsgiveexcellentconvergenceresults,butarestill tooexpensivetobe
usedin practice.Theprobingapproximationsleadto a fairly practicalalgorithmin termsof computational
cost. While the convergencewith probing is good, it leadsto noticeablyinferior convergencerateswhen
comparedwith ILU.

Overall, theeffectivenessof 2.5.2and2.5.1indicatepromisein thedirectionof developingageneralpre-
conditioningstrategy thatdoesnot requireextensive experimentalknowledgeof which boundaryconditions
to choose.Furtherresearchshouldbe performedto identify otherapproximationsto the “ideal” boundary
conditionsbasedoneithersparseapproximateinverses,coarsegrid approximationsor moreexpensive prob-
ing variants.
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